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The spectrum of matter fluctuations
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The spectrum of matter fluctuations
• Two regimes of structure formation: linear vs nonlinear
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The spectrum of matter fluctuations
• Two regimes of structure formation: steep vs shallow
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The spectrum of matter fluctuations
• Fluctuation amplitude reflects state of Universe when a 

scale becomes causal. 

10°2 100 102 104 106 108 1010

Wavenumber k [h/Mpc]

10°8

10°5

10°2

101

104

107

1010

L
in

ea
r

m
at

te
r

p
ow

er
sp

ec
tr

u
m

¢
2
(k

)
=

k
3
P

m
(k

)/
2º

2

100 102 104 106 108 1010 1012

Temperature of universe [eV]

1016 1012 108 104 100 10°4 10°8 10°12 10°16

Halo mass Mhalo [MØ]

C
lu

st
er

H
al

os

G
al

ac
ti
c

H
al

os

S
u
b
-G

al
ac

ti
c

H
al

os

S
u
b
-S

te
ll
ar

H
al

os

S
u
b
-E

ar
th

H
al

os

CDM

WIMP

Fuzzy DM

Interacting DM

Warm DM

Early MD

Axion Misalignment

Vector DM

Axion String

Credits: Ethan Nadler

<latexit sha1_base64="4wY7M1D18Hk6TdYuOsk1dHTPgL8=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkRUZdFNy4r2Ad0ynAnk7ahSWZIMkIZunTjr7hxoYhbP8Gdf2P6WGjrgcDhnHu5OSdKOdPG876dpeWV1bX1wkZxc2t7Z9fd22/oJFOE1knCE9WKQFPOJK0bZjhtpYqCiDhtRoObsd98oEqzRN6bYUo7AnqSdRkBY6XQPQpiyg2EeaAEFqMynAapSlKT4IDLHEahW/Iq3gR4kfgzUkIz1EL3K4gTkgkqDeGgddv3UtPJQRlGOB0Vg0zTFMgAerRtqQRBdSefBBnhE6vEuJso+6TBE/X3Rg5C66GI7KQA09fz3lj8z2tnpnvVyZlMM0MlmR7qZhzbnONWcMwUJYYPLQGimP0rJn1QQIztrmhL8OcjL5LGWcW/qPh356Xq9ayOAjpEx6iMfHSJqugW1VAdEfSIntErenOenBfn3fmYji45s50D9AfO5w+875nN</latexit>

�m(a) / ln a

<latexit sha1_base64="IoLfbakBBDw1dQoq0h9+kPSMT6I=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE1GXRjcsK9gFNCDeTaTt0JgkzE6GEght/xY0LRdz6E+78G6dtFtp6YOBwzr3cOSdMOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJQVHOYtrUTHPaSSUFEXLaDoc3E7/9QKViSXyvRyn1BfRj1mMEtJEC+9CLKNcQ5J4UWIyrcOqlMkl1giGwK07NmQIvErcgFVSgEdhfXpSQTNBYEw5KdV0n1X4OUjPC6bjsZYqmQIbQp11DYxBU+fk0wxifGCXCvUSaF2s8VX9v5CCUGonQTArQAzXvTcT/vG6me1d+zuI00zQms0O9jGMTcVIIjpikRPORIUAkM3/FZAASiDa1lU0J7nzkRdI6q7kXNffuvFK/LuoooSN0jKrIRZeojm5RAzURQY/oGb2iN+vJerHerY/Z6JJV7BygP7A+fwCADpdt</latexit>

�m(a) / a



8/27/24Francis-Yan Cyr-Racine - UNM 6

All astrophysical objects populating the cosmos 
come from initial fluctuations that started growing 

during radiation domination    

10°2 100 102 104 106 108 1010

Wavenumber k [h/Mpc]

10°8

10°5

10°2

101

104

107

1010

L
in

ea
r

m
at

te
r

p
ow

er
sp

ec
tr

u
m

¢
2
(k

)
=

k
3
P

m
(k

)/
2º

2

100 102 104 106 108 1010 1012

Temperature of universe [eV]

1016 1012 108 104 100 10°4 10°8 10°12 10°16

Halo mass Mhalo [MØ]

C
lu

st
er

H
al

os

G
al

ac
ti
c

H
al

os

S
u
b
-G

al
ac

ti
c

H
al

os

S
u
b
-S

te
ll
ar

H
al

os

S
u
b
-E

ar
th

H
al

os

CDM

WIMP

Fuzzy DM

Interacting DM

Warm DM

Early MD

Axion Misalignment

Vector DM

Axion String

Credits: Ethan Nadler

Modes becoming causal during radiation domination 



8/27/24Francis-Yan Cyr-Racine - UNM 7

Must pay close attention to evolution of 
matter fluctuations in radiation domination!
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Modes becoming causal during radiation domination 
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Why is the matter fluctuation spectrum so 
featureless at k > 0.1 h/Mpc? 

10°2 100 102 104 106 108 1010

Wavenumber k [h/Mpc]

10°8

10°5

10°2

101

104

107

1010

L
in

ea
r

m
at

te
r

p
ow

er
sp

ec
tr

u
m

¢
2
(k

)
=

k
3
P

m
(k

)/
2º

2

100 102 104 106 108 1010 1012

Temperature of universe [eV]

1016 1012 108 104 100 10°4 10°8 10°12 10°16

Halo mass Mhalo [MØ]

C
lu

st
er

H
al

os

G
al

ac
ti
c

H
al

os

S
u
b
-G

al
ac

ti
c

H
al

os

S
u
b
-S

te
ll
ar

H
al

os

S
u
b
-E

ar
th

H
al

os

CDM

WIMP

Fuzzy DM

Interacting DM

Warm DM

Early MD

Axion Misalignment

Vector DM

Axion String

Credits: Ethan Nadler

LCDM desert

SM has no mass 
threshold between 

matter-radiation equality 
and e+e- annihilation
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However, above TSM~ me the SM goes 
through important mass/energy thresholds

10°2 100 102 104 106 108 1010

Wavenumber k [h/Mpc]

10°8

10°5

10°2

101

104

107

1010

L
in

ea
r

m
at

te
r

p
ow

er
sp

ec
tr

u
m

¢
2
(k

)
=

k
3
P

m
(k

)/
2º

2

100 102 104 106 108 1010 1012

Temperature of universe [eV]

1016 1012 108 104 100 10°4 10°8 10°12 10°16

Halo mass Mhalo [MØ]

C
lu

st
er

H
al

os

G
al

ac
ti
c

H
al

os

S
u
b
-G

al
ac

ti
c

H
al

os

S
u
b
-S

te
ll
ar

H
al

os

S
u
b
-E

ar
th

H
al

os

CDM

WIMP

Fuzzy DM

Interacting DM

Warm DM

Early MD

Axion Misalignment

Vector DM

Axion String

Credits: Ethan Nadler

LCDM desert

SM has no mass 
threshold between 

matter-radiation equality 
and e+e- annihilation

Important SM processes 
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Why do we care? In the naïve featureless 
case, nearly all sub-galactic modes go 

nonlinear at the same time
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Important SM processes 



8/27/24Francis-Yan Cyr-Racine - UNM 11

Two classes of SM effects for the high-k 
matter fluctuation spectrum

• Mass/energy thresholds (e.g. e+e- 
annihilation, 𝛍+𝛍- annihilation, 
QCD, etc.) => rescales clock.

• Radiation behavior (e.g. fluid like vs 
free-streaming). 

Fluid-like Free-streaming 
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Mass/Energy Thresholds
• The very shallow, featureless high-k matter spectrum is 

the result of a scaling solution during radiation 
domination:

- Hannestad (2005)
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a
2
H = constant

This scaling is 
however broken 
when crossing 

mass thresholds.

Credits: Ethan Nadler
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Mass/energy thresholds in the SM

• This is usually described via the effective number of 
relativistic degrees of freedom:
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Mass/energy thresholds in the SM
• Breaking from the a2H scaling behavior => modes enter 

the horizon earlier than predicted by naïve scaling 
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Growth of dark matter fluctuations in 
radiation domination

• Breaking from the a2H scaling behavior => modified 
growth for dark matter fluctuations*

Extra 
damping 

contribution
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Boost of the 
source term
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Growth of dark matter fluctuations in 
radiation domination

• Breaking from the a2H scaling behavior => modified 
growth for dark matter fluctuations

e+e- annihilation
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Growth of dark matter fluctuations in 
radiation domination

• Breaking from the a2H scaling behavior => modified 
growth for dark matter fluctuations

e+e- 
annihilation

QCD
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Growth of dark matter fluctuations in 
radiation domination

• Breaking from the a2H scaling behavior => modified 
gravitational potential
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Impact of mass/energy thresholds on dark 
matter fluctuations

• Modes entering the horizon while a2H is increasing 
experience a boost in growth, due to the effective 
equation of state falling below 1/3. 

• For subhorizon modes, a2H increasing leads to a reduced 
growth of dark matter fluctuations. 
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Effective equation of state
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Impact of radiation behavior: Onset of 
neutrino free-streaming  

• Neutrinos => first species to free-stream in the Universe

• Growth of neutrino anisotropic stress
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Figure 2. The broad energy-dependent last scattering surface of the cosmic neutrino background can
be seen from this plot of the di↵erential visibility function for electron-type neutrinos, namely, V⌫e =
d(e�⌧⌫e )/d ln a for scale factor a and optical depth ⌧⌫e (see Sec. 8 for more details). Contours of V⌫e are
shown in the ✏ versus Tcm space. The black dot-dash line gives the peak value of V⌫e , and the dashed
pink (white) give the peak values of the energy (number) density for massless fermions. This should be
contrasted with the last scattering surface of the cosmic microwave background, which is more localized
in temperature and is essentially independent of the photon frequency.

The charged-current, isospin-changing, weak interactions that we consider are

⌫e + n $ p + e
�
, (2.5)

e
+ + n $ p + ⌫̄e, (2.6)

n $ p + e
� + ⌫̄e. (2.7)

The three forward reactions yield neutron destruction, or conversely proton production, and vice-

versa for the reverse reactions. For brevity, we call this set of 6 isospin-changing reactions the

neutron-to-proton interconversion reactions.

Similar to the scattering reactions between neutrinos and charged leptons, the interconversion

rates are fast at high temperature and are able to maintain a steady-state equilibrium between the

number densities of neutrons and protons. The cross section for these interconversion processes

scales roughly like that of Eq. (2.1), but with an important caveat. Neutrons are heavier than

protons. Consequently, forward reactions of Eqs. (2.5) – (2.7), the neutron destruction channels,

have no energy threshold. Correspondingly, there is an energy threshold for the reverse reactions

that create neutrons from protons. The upshot is that as the universe expands and cools (absent

electron neutrino degeneracy), the competition between the forward and reverse of Eqs. (2.5) –

(2.7) leads to an excess of protons over neutrons. Phase space considerations imply that the cross

sections for the reactions in Eqs. (2.5) – (2.6) are larger than those of neutrino-electron scattering

for the energy scales characteristic of weak decoupling and BBN. The energy scale for neutron-

to-proton interconversion is a function of the neutron-proton mass di↵erence, and so the cross

7

Bond et al. (2024)
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Impact of radiation behavior: Onset of 
neutrino free-streaming  

• Before neutrino decoupling:

• After neutrino decoupling (usually what we solve for in 
CMB and LSS analyses):
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Kreisch, Cyr-Racine, Doré (2020)

Impact of neutrino decoupling on matter 
clustering

Gravitational 
Potential

Dark matter 
fluctuation
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Kreisch, Cyr-Racine, Doré (2020)

Example of impact of neutrino decoupling

9
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FIG. 3: E↵ects of Ge↵ ,
P

m⌫ , and Ne↵ on the matter
power spectrum. Colors denote di↵erent values of Ge↵ .
Solid spectra correspond to

P
m⌫ = 0.06 eV and dashed

spectra correspond to
P

m⌫ = 0.23 eV. Dotted lines in
the bottom panel have Ne↵ = 4.046. Note the localized
increase in amplitude at the scales entering the horizon

at the onset of neutrino free-streaming.

radiation density leads to a higher amplitude feature on
scales entering the horizon at that time.

We thus see that taken together, the joint e↵ect of
Ge↵ ,

P
m⌫ , and Ne↵ can lead to matter power spectra

having a significantly di↵erent structure and shape than
the standard ⇤CDM paradigm.

V. DATA & METHODOLOGY

We use our modified versions of CAMB [108] and
CosmoMC + Multinest [119, 120] to place constraints on
Ge↵ , Ne↵ , and

P
m⌫ , as well as the standard cosmolog-

ical parameters. We use nested sampling [121] to ensure
that we properly sample our posterior, which we expect
to be multi-modal as in previous cosmological studies of
self-interacting neutrinos [54, 64, 65].

We use a combination of CMB and low-redshift data
sets in our analysis:

• TT: low-` and high-` CMB temperature power
spectrum from the Planck 2015 release2 [109].

• EE, TE: low-` and high-` CMB E-mode polariza-
tion and their temperature cross-correlation from
the Planck 2015 data release3 [109]. The 2015 po-
larization data is known to have residual systemat-
ics and results drawn using this dataset should be
interpreted with caution. While our main conclu-
sions will not make use of this dataset, we nonethe-
less present results including this dataset for com-
pleteness.

• lens: CMB lensing data from the Planck 2015 data
release [122].

• BAO: Baryon Acoustic Oscillation (BAO) mea-
surements from the 6dF Galaxy Survey constrain-
ing DV at z = 0.106 [123], Sloan Digital Sky Survey
(SDSS-III) Baryon Oscillation Spectroscopic Sur-
vey (BOSS) data release 11 low-z data measuring
DV at z = 0.32 and CMASS data measuring DV

at z = 0.57 [124], and data from the SDSS Main
Galaxy Sample measuring DV at z = 0.15 [125]

• H0: Local measurement4 of the Hubble parameter
H0 = 73.0 ± 1.75 km s�1Mpc�1 at z = 0.04 from
Ref. [71].

We use the lite high-` likelihood, which marginal-
izes over nuisance parameters, to reduce the number of
free parameters in our analysis. We use the following
data set combinations for our nested sampling analysis:
‘TT+lens+BAO’, ‘TT+lens+BAO+H0’, ‘TT,TE,EE’,
and ‘TT,TE,EE+lens+H0’.

In Table I we list our adopted prior ranges. We place
uniform priors on all these parameters, except for the

2 Explicitly, we use the likelihood plik lite v18 TT for high-` and
commander rc2 v1.1 l2 29 B at low-`.

3 Explicitly, we use the likelihood plik lite v18 TTTEEE for high-`
and lowl SMW 70 dx11d 2014 10 03 v5c Ap at low-`.

4 We note that the mean value of H0 used in our analysis is slightly
lower (⇠ 0.14�) than the value quoted in the published version
of Ref. [71] (ours corresponds to the value found in an earlier
version of their manuscript). We do not expect this very small
di↵erence to impact our results in any way.
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FIG. 3: E↵ects of Ge↵ ,
P

m⌫ , and Ne↵ on the matter
power spectrum. Colors denote di↵erent values of Ge↵ .
Solid spectra correspond to

P
m⌫ = 0.06 eV and dashed

spectra correspond to
P

m⌫ = 0.23 eV. Dotted lines in
the bottom panel have Ne↵ = 4.046. Note the localized
increase in amplitude at the scales entering the horizon

at the onset of neutrino free-streaming.

radiation density leads to a higher amplitude feature on
scales entering the horizon at that time.

We thus see that taken together, the joint e↵ect of
Ge↵ ,

P
m⌫ , and Ne↵ can lead to matter power spectra

having a significantly di↵erent structure and shape than
the standard ⇤CDM paradigm.

V. DATA & METHODOLOGY

We use our modified versions of CAMB [108] and
CosmoMC + Multinest [119, 120] to place constraints on
Ge↵ , Ne↵ , and

P
m⌫ , as well as the standard cosmolog-

ical parameters. We use nested sampling [121] to ensure
that we properly sample our posterior, which we expect
to be multi-modal as in previous cosmological studies of
self-interacting neutrinos [54, 64, 65].

We use a combination of CMB and low-redshift data
sets in our analysis:

• TT: low-` and high-` CMB temperature power
spectrum from the Planck 2015 release2 [109].

• EE, TE: low-` and high-` CMB E-mode polariza-
tion and their temperature cross-correlation from
the Planck 2015 data release3 [109]. The 2015 po-
larization data is known to have residual systemat-
ics and results drawn using this dataset should be
interpreted with caution. While our main conclu-
sions will not make use of this dataset, we nonethe-
less present results including this dataset for com-
pleteness.

• lens: CMB lensing data from the Planck 2015 data
release [122].

• BAO: Baryon Acoustic Oscillation (BAO) mea-
surements from the 6dF Galaxy Survey constrain-
ing DV at z = 0.106 [123], Sloan Digital Sky Survey
(SDSS-III) Baryon Oscillation Spectroscopic Sur-
vey (BOSS) data release 11 low-z data measuring
DV at z = 0.32 and CMASS data measuring DV

at z = 0.57 [124], and data from the SDSS Main
Galaxy Sample measuring DV at z = 0.15 [125]

• H0: Local measurement4 of the Hubble parameter
H0 = 73.0 ± 1.75 km s�1Mpc�1 at z = 0.04 from
Ref. [71].

We use the lite high-` likelihood, which marginal-
izes over nuisance parameters, to reduce the number of
free parameters in our analysis. We use the following
data set combinations for our nested sampling analysis:
‘TT+lens+BAO’, ‘TT+lens+BAO+H0’, ‘TT,TE,EE’,
and ‘TT,TE,EE+lens+H0’.

In Table I we list our adopted prior ranges. We place
uniform priors on all these parameters, except for the

2 Explicitly, we use the likelihood plik lite v18 TT for high-` and
commander rc2 v1.1 l2 29 B at low-`.

3 Explicitly, we use the likelihood plik lite v18 TTTEEE for high-`
and lowl SMW 70 dx11d 2014 10 03 v5c Ap at low-`.

4 We note that the mean value of H0 used in our analysis is slightly
lower (⇠ 0.14�) than the value quoted in the published version
of Ref. [71] (ours corresponds to the value found in an earlier
version of their manuscript). We do not expect this very small
di↵erence to impact our results in any way.

Scales entering the 
horizon at the onset 

of neutrino free-
streaming



8/27/24Francis-Yan Cyr-Racine - UNM 25

Zheng et al. (2024)

Impact: Features in the mass function at 
small masses

HMF in VVV 3
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Figure 1. Predicted and simulated halo mass functions in different resolution levels at I = 0. In the top panel, the colour solid lines show the halo mass functions
in the VVV (error bars represent Poisson errors); black, gray and colour dashed lines show predictions of the PS, ST, and EPS models for each resolution
level respectively. In the bottom panel, the solid lines show the ratio VVV/EPS. Thick lines indicate mass bins containing at least 20 haloes. The black dotted
line represents a ratio of unity, while the gray dashed line represents the ratio ST/PS. At I = 0, ST gives the best prediction for L0; EPS overpredicts the halo
abundance in higher resolution levels by ⇠ 20%.

Table 1. Properties of the different resolution levels in the VVV simulation
used in this work. Column 1: name of the level; column 2: size (!box or
3sphere) of the region selected at each resolution level at I = 0 – we use the
entire cube in L0, while in L1-L7, we use the central sphere of diameter ⇠ 0.8
times the diameter of entire high-resolution region; column 3: mass of high-
resolution particles; column 4: softening length of high-resolution particles;
column 5: overdensity (Xlevel = d̄level/dm � 1) of the selected region at I = 0.

level size/Mpc <p/M� n /kpc Xlevel(I = 0)

L0 7.38 ⇥ 102 1.56 ⇥ 109 6.83 0.0
L1 8.12 ⇥ 101 7.41 ⇥ 105 5.31 ⇥ 10�1 �0.607
L2 1.23 ⇥ 101 1.45 ⇥ 103 5.61 ⇥ 10�2 �0.918
L3 1.65 2.82 8.32 ⇥ 10�3 �0.964
L4 2.22 ⇥ 10�1 5.50 ⇥ 10�3 1.04 ⇥ 10�3 �0.974
L5 4.55 ⇥ 10�2 5.75 ⇥ 10�5 2.27 ⇥ 10�4 �0.976
L6 9.43 ⇥ 10�3 2.60 ⇥ 10�7 3.77 ⇥ 10�5 �0.986
L7 1.58 ⇥ 10�3 8.55 ⇥ 10�10 5.28 ⇥ 10�6 �0.984

and f8 = 0.8811 is adopted to extrapolate the power spectrum to
small scales (: � 70 Mpc�1), with a smooth transition between
7 � 70 Mpc�1.

In the VVV, we select candidate resimulation regions to be nearly
spherical in shape and underdense (relative to the cosmic mean den-
sity); initial conditions for these candidate regions are then generated
at higher resolution for each subsequent VVV resolution level. This
nested zoom technique is ideal to study extremely small structures
embedded within cosmologically representative environments (Jenk-
ins 2010, 2013; Jenkins & Booth 2013). We refer the reader to Wang
et al. (2020) for a detailed description of the zoom-in strategy. Wang
et al. (2020) present 8 levels of resolution with uncut initial power
spectra3, labelled L0-L7. L0 refers to the periodic, ‘parent’ simula-
tion cube with !box = 738 Mpc. Following Wang et al. (2020), in

3 There are two additional levels (L7c and L8c) where the initial power
spectrum is cut off on small scales to reflect the free streaming of a 100 GeV
neutralino. Simulations where this free streaming cutoff is resolved are known

L1-L7 we only consider the halo population contained within 0.8
times the radius of the high-resolution region, so as to avoid any
potential contamination from low-resolution particles in the bound-
aries of the high-resolution regions. Details of the simulations at each
resolution level are given in Table 1.

Haloes were identified using a friends-of-friends (FOF) algorithm
(Davis et al. 1985, assuming a linking length, 1 = 0.2 times the mean
interparticle separation). Subhaloes within haloes were identified us-
ing the SUBFIND algorithm (Springel et al. 2001; Dolag et al. 2009);
both methods are built into G�����-4. There are many different def-
initions of halo mass: a basic approach is to adopt the mass of the
FOF group ("FOF) directly, while others may use "�, defined as the
mass scale within which the average density is equal to � times the
critical or the mean density of the universe. The overdensity, �, may
be set in various ways, e.g. 200, 200⌦m or �a from the spherical
top-hat collapse model (Eke et al. 1996; Bryan & Norman 1998).
There is no consensus as to which definition is ‘best’. Warren et al.
(2006) argued that the FOF mass could suffer from a systematic bias
for haloes with small particle numbers, while Tinker et al. (2008)
calibrated the parameters in a fitting formula with different mass def-
initions. In this paper, we adopt "�=200⌦m ("200 hereafter), as the
definition of halo mass. We consider only central haloes (excluding
subhaloes) in the following analysis.

4 RESULTS

4.1 Halo mass function at I = 0

We begin by considering the halo mass function at I = 0, shown
in Fig. 1, for each of the different resolution levels (L0-L7, solid
lines of different colours). We only include haloes containing at least
50 particles. We compare with the corresponding EPS prediction
(dashed colour lines) based on the local overdensity and total mass

to produce spurious structures (e.g. Wang & White 2007; Lovell et al. 2014).
Thus, for simplicity, we exclude these two levels from our analysis.

MNRAS 000, 1–10 (2024)
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Conclusions
• All dark matter halos comes from fluctuations that entered 

the horizon during radiation domination. 
• Above the LCDM desert, SM processes will break the 

scaling solution, introducing features in the matter power 
spectrum. 

• From background effects, we generally expect an 
enhancement of power for modes entering the horizon 
before e+e- annihilation. 

• On the other hand, modes at k > 104 h/Mpc (i.e. becoming 
causal before neutrino streaming), do not get the ”free-
streaming” boost. 

• Stay tuned for net effect!


